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Abstract
We define a group of extended non-Abelian gauge transformations for tensor gauge fields.
On this group one can define generalized field strength tensors, which are transforming
homogeneously with respect to the extended gauge transformations. The generalized field
strength tensors allow to construct two infinite series of gauge invariant quadratic forms.
Each term of these infinite series is separately gauge invariant. The invariant Lagrangian
is a linear sum of these forms and describes interaction of tensor gauge fields of arbitrarily
large integer spins 1, 2, .... It does not contain higher derivatives of the tensor gauge
fields, and all interactions take place through three- and four-particle exchanges with
dimensionless coupling constant. The first term in this sum is the Yang-Mills Lagrangian.
The invariance with respect to the extended gauge transformations does not fix the
coefficients - the coupling constants - in front of these forms. There is a freedom to
vary them without breaking the extended gauge symmetry. We demonstrate that by an
appropriate tuning of these coupling constants one can achieve an enhancement of the
extended gauge symmetry. This leads to highly symmetric equations. We present the
explicit form of the free equations for the rank-2 and rank-3 gauge fields. Their relation
to the Schwinger free equation for the rank-3 gauge fields is discussed.
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1 Introduction
It is well understood, that the concept of local gauge invariance allows to define non-
Abelian gauge fields [1], to derive their dynamical field equations and to develop a univer-
sal point of view on matter interactions as resulting from the exchange of gauge quanta
of different forms. It is appealing to extend the gauge principle so that it will define the
interaction of matter fields which carry not only non-commutative internal charges, but
also arbitrary half-integer spins. This extension will induce the interaction of matter fields
mediated by a charged gauge quanta carrying a spin larger than one [2, 3].
In our recent approach the gauge fields are defined as rank-(s+1) tensors [2, 3, 4, 5, 6]
Aaµλ1...λs
and are totally symmetric with respect to the indices λ1...λs. A priory the tensor fields
have no symmetries with respect to the first index µ. This is an essential departure
from the previous considerations, in which the higher-rank tensors were totally symmetric
[7, 8, 9, 10, 11, 12, 13, 14, 15, 17]. The index s runs from zero to infinity. The first member
of this family of the tensor gauge bosons is the Yang-Mills vector boson Aaµ.




is defined by the equation (4) and comprise a closed algebraic structure, because the
commutator of two transformations can be expressed in the form
[ δη, δξ] Aµλ1λ2...λs = − ig δζAµλ1λ2...λs
where the gauge parameters {ζ} are given by the matrix commutators (6). This allows
to define generalized field strength tensors (7) [2, 3]
Gaµν,λ1...λs
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which are transforming homogeneously (8) with respect to the extended gauge transfor-
mations (4).
The field strength tensors Gaµν,λ1....λs are used to construct two infinite series of gauge
invariant quadratic forms [2, 3]
Ls s = 1, 2, 3...
and [3, 4, 5]
L
′
s s = 2, 3, ...
Each term of these infinite series is separately gauge invariant with respect to the gen-
eralized gauge transformations (4). These forms contain quadratic kinetic terms and
nonlinear terms describing nonlinear interaction of the Yang-Mills type. In order to make
all tensor gauge fields dynamical one should add all these forms together. Thus the gauge












where L1 ≡ LYM is the Yang-Mills Lagrangian.
It is important that: i) the Lagrangian does not contain higher derivatives of tensor
gauge fields ii) all interactions take place through the three- and four-particle exchanges
with dimensionless coupling constant g iii) the complete Lagrangian contains all higher-
rank tensor gauge fields and should not be truncated iv) the invariance with respect to the
extended gauge transformations does not fix the coupling constants gs and g
′
s.
The coupling constants gs and g
′
s remain arbitrary because every term of the sum is
separately gauge invariant and the extended gauge symmetry alone does not fix them.
This means that there is a freedom to vary these constants without breaking the initial
gauge symmetry. The important question to which we should address ourselves here is
the following: Can we achieve the enhancement of the initial gauge symmetry properly
tuning the coupling constants gs and g
′
s ?




the U(1) invariance if we choose g = g
′
so that the initial symmetry is elevated to a one
parameter family of continuous transformations. A less trivial example is a linear sum of
Poincare´ invariant forms comprising a SUSY invariant Lagrangian. One can find other
examples of the same phenomena when a linear sum of invariant forms of the initial group
G exhibits a symmetry with respect to a larger group G ⊃ G when the coefficients are
properly tuned. A similar phenomena appears in our system.






which describes the rank-2 tensor gauge field Aaµλ. As we have found in [3, 4, 5] one can
chose the coupling constants g2 and g
′





with respect to a bigger gauge group1. This means that in addition to full extended gauge
group (4), which we had initially, now we have bigger gauge group with double number






tensor gauge field is given by equation (30). It was then demonstrated that it describes
propagation of two polarizations of helicity-two massless charged tensor gauge boson and
of the helicity-zero ”axion”. This result will be recapitulated in the third section.
Our aim now is to extend this construction to the rank-3 tensor gauge field. We shall






and shall demonstrate that for an appropriate choice of the coupling constants c3 =
g
′
3/g3 = 4/3 the system have an enhanced gauge symmetry. The explicit description
of this symmetry together with the corresponding free field equation (51) for the rank-
3 tensor gauge field will be given in the forth and fifth sections. Its relation to the
Schwinger equation for the symmetric rank-3 tensor gauge field is discussed in the last
seventh section.
First let us recapitulate the construction of the general Lagrangian L in (1).
2 Non-Abelian Tensor Fields
The gauge fields are defined as rank-(s+ 1) tensors [2, 3]
Aaµλ1...λs(x), s = 0, 1, 2, ...
and are totally symmetric with respect to the indices λ1...λs. A priory the tensor fields
have no symmetries with respect to the first index µ. The index a numerates the generators
La of the Lie algebra g˘ of a compact2 Lie group G.
One can think of these tensor fields as appearing in the expansion of the extended








The gauge field Aaµλ1...λs carries indices a, λ1, ..., λs labeling the generators of extended
current algebra G associated with compact Lie group G. It has infinite many generators
Laλ1...λs = L





] = ifabcLcλ1...λsρ1...ρk . (3)
The extended non-Abelian gauge transformations of the tensor gauge fields are defined




























2The algebra g˘ possesses an orthogonal basis in which the structure constants fabc are totally
antisymmetric.
3See also the alternative expansions in [10, 11, 18, 19, 20, 30, 31] and the algebras based on diffeomor-
phisms group in [32, 33, 35, 34].
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where ξaλ1...λs(x) are totally symmetric gauge parameters. These extended gauge trans-
formations generate a closed algebraic structure. To see that, one should compute the
commutator of two extended gauge transformations δη and δξ of parameters η and ξ. The
commutator of two transformations can be expressed in the form [2, 3]
[ δη, δξ] Aµλ1λ2...λs = − ig δζAµλ1λ2...λs (5)
and is again an extended gauge transformation with the gauge parameters {ζ} which are
given by the matrix commutators
ζ = [η, ξ] (6)
ζλ1 = [η, ξλ1] + [ηλ1 , ξ]
ζνλ = [η, ξνλ] + [ην , ξλ] + [ηλ, ξν ] + [ηνλ, ξ],
...... . ..........................










































and transform homogeneously with respect to the extended gauge transformations (4).
The field strength tensors are antisymmetric in their first two indices and are totally
symmetric with respect to the rest of the indices.
The inhomogeneous extended gauge transformation (4) induces the homogeneous























The field strength tensors are antisymmetric in their first two indices and are totally
symmetric with respect to the rest of the indices. The symmetry properties of the field
strength Gaµν,λ1...λs remain invariant in the course of this transformation.
These tensor gauge fields and the corresponding field strength tensors allow to con-




















ηλi1λi2 .......ηλi2s−1λi2s ) , (9)
where the sum
∑
p runs over all nonequal permutations of i
′s, in total (2s−1)!! terms and


























ηλi1λi2 .......ηλi2s+1λi2s+2 ) , (10)
where the sum
∑′
p runs over all nonequal permutations of i
′s, with exclusion of the terms
which contain ηλ1,λi+1.
In order to make all tensor gauge fields dynamical one should add the corresponding
kinetic terms. Thus the invariant Lagrangian describing dynamical tensor gauge bosons












where L1 ≡ LYM .
It is important that: i) the Lagrangian does not contain higher derivatives of tensor
gauge fields ii) all interactions take place through the three- and four-particle exchanges
with dimensionless coupling constant g iii) the complete Lagrangian contains all higher-
rank tensor gauge fields and should not be truncated iv) the invariance with respect to
the extended gauge transformations does not fix the coupling constants gs and g
′
s.
The coupling constants gs and g
′
s remain arbitrary because every term of the sum is
separately gauge invariant and the extended gauge symmetry alone does not fix them.
This means that we have a freedom to chose these constants without breaking the initial
gauge symmetry. The important question which should be addressed here is the following:










which describes the rank-2 tensor gauge field Aaµλ. As we have found in [3, 4, 5] one can
choose the coupling constants g2 and g
′





with respect to a bigger gauge group (see the next section for details, where we will
demonstrate that c2 = g
′
2/g2 = 1). This means that in addition to full extended gauge
group (4), which we had initially, now we have a bigger gauge group with double number
of gauge parameters [3, 4, 5]. It was then demonstrated that the corresponding kinetic
term describes propagation of two polarizations of helicity-two massless charged tensor
gauge boson and the helicity-zero ”axion”.
In summary the gauge invariant Lagrangian for the lower-rank tensor gauge fields has
the form [3, 4, 5]:




























































































































µρ) = 0. (14)


























νρ) = 0. (15)


































































µλρ , we can
find the corresponding conserved currents





















































































































































































































The conservation of the corresponding currents follows from the fact that we have en-
hancement of the gauge group and therefore the partial derivatives of the l.h.s. of the











νλρ = 0, ∂λj
a
νλρ = 0, ∂ρj
a
νλρ = 0. (20)
Our aim now is to extend this analysis to the case of rank-3 tensor gauge field. We






and demonstrate that for an appropriate choice of the coupling constants ratio c3 =
g
′
3/g3 = 4/3 the system will have an enhanced symmetry. The explicit form of the
Lagrangian for the third-rank tensor gauge field Aaµνλ can be obtained from our general





























































where c3 = g
′
3/g3 is a constant
4.
3 Enhanced Symmetry. Rank-2 Gauge Field
As we have seen above there are two invariant forms for the rank-2 tensor gauge field L2
and L
′
2 and the general Lagrangian is a linear combination L2+ c2L
′
2, where c2 = g
′
2/g2 is
a constant coefficient. Let us review how this coefficient has been fixed by the requirement
of an enhanced symmetry. For that let us consider the situation at the linearized level













where the quadratic form in the momentum representation has the form
Hαα´γγ´(k) = (−k
2ηαγ + kαkγ)ηα´γ´ ,
is obviously invariant with respect to the gauge transformation δAaµλ = ∂µξ
a
λ, but it is not
invariant with respect to the alternative gauge transformations δ˜Aaµλ = ∂λη
a
µ. This can
be seen, for example, from the following relations in momentum representation
kαHαα´γγ´(k) = 0, kα´Hαα´γγ´(k) = −(k
2ηαγ − kαkγ)kγ´ 6= 0. (22)
4It is not difficult to present the explicit form of the Lagrangian for any higher-rank tensor field using
expressions (9), (10) and (11).
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It is again invariant with respect to the gauge transformation δAaµλ = ∂µξ
a
λ, but it is not
invariant with respect to the gauge transformations δ˜Aaµλ = ∂λη
a




αα´γγ´(k) = 0, kα´H
′
αα´γγ´(k) = (k
2ηαγ − kαkγ)kγ´ 6= 0. (24)
As it is obvious from (22) and (24), the total Lagrangian Lfree2 + L
′free
2 now poses new






where ξaλ and η
a
µ are eight arbitrary functions, because
kα(Hαα´γγ´ +H
′
αα´γγ´) = 0, kα´(Hαα´γγ´ +H
′
αα´γγ´) = 0. (26)
Thus our free part of the Lagrangian is

















































































(ηαγ´∂α´∂γ + ηα´γ∂α∂γ´ + ηαα´∂γ∂γ´ + ηγγ´∂α∂α´)}A
a
γγ´ (28)





where ξaλ and η
a
µ are eight arbitrary functions. In momentum representation the quadratic
form is











(ηαγ´kα´kγ + ηα´γkαkγ´ + ηαα´kγkγ´ + ηγγ´kαkα´). (29)
9


























2Aaµµ) = 0 (30)
and describe the propagation of massless particles of spin 2 and spin 0. It is also easy
to see that for the symmetric tensor gauge fields Aaνλ = A
a
λν our equation reduces to the
Einstein-Fierz-Pauli-Schwinger-Chang-Singh-Hagen-Fronsdal equation
∂2Aνλ − ∂ν∂µAµλ − ∂λ∂µAµν + ∂ν∂λAµµ + ηνλ(∂µ∂ρAµρ − ∂
2Aµµ) = 0,
which describes the propagation of massless boson with two physical polarizations, the
s = ±2 helicity states. For the antisymmetric fields it reduces to the equation
∂2Aνλ − ∂ν∂µAµλ + ∂λ∂µAµν = 0,
and describes the propagation of one physical polarization s = 0, the zero helicity state.
The above consideration brings the final form of the gauge invariant Lagrangian for
the lower-rank tensor gauge fields to the form (12).
4 Rank-3 Tensor Gauge Field
The Lagrangian L1 + g2(L2 + L
′
2) contains the third-rank gauge fields A
a
µνλ, but without
corresponding kinetic term. In order to make the fields Aaµνλ dynamical we have to add




3 presented in (21), so that at this level the total
Lagrangian is the sum [3, 4, 5]
L = L1 + g2(L2 + L
′
2) + g3(L3 + c3L
′
3) + ...,
where c3 = g
′























































































The terms in parentheses are symmetric over λρσ and λρσδ respectively. The Lagrangian
L3 is invariant with respect to the extended gauge transformations (4) of the low-rank
gauge fields Aµ, Aµν , Aµνλ and of the fourth-rank gauge field (4)
δξAµνλρ = ∂µξνλρ − ig[Aµ, ξνλρ]− ig[Aµν , ξλρ]− ig[Aµλ, ξνρ]− ig[Aµρ, ξνλ]−
−ig[Aµνλ, ξρ]− ig[Aµνρ, ξλ]− ig[Aµλρ, ξν ]− ig[Aµνλρ, ξ]
10
and of the fifth-rank tensor gauge field (4)










[Aµνλρ, ξσ]− ig[Aµνλρ, ξ],
where the gauge parameters ξνλρ and ξνλρσ are totally symmetric rank-3 and rank-4 ten-
sors. The extended gauge transformation of the higher-rank tensor gauge fields induces





















































Using the above homogeneous transformations for the field strengths tensors one can
demonstrate the invariance of the Lagrangian L3 with respect to the extended gauge
transformations (see reference [2] for details).
The second invariant Lagrangian can also be constructed explicitly in terms of the
above field strength tensors. The following seven Lorentz invariant quadratic forms can



























Calculating the variation of each of these terms with respect to the gauge transformation








































forms an invariant Lagrangian (see Appendix A). In summary we have the following





























































where c3 is an arbitrary constant. Our intention is to investigate the dependence of
symmetries of the system L3 + c3L
′
3 as a function of constant c3. The system is always
invariant with respect to the initial, extended gauge group of transformations (8), (32)
and (33) for any value of the constant c3. We wish to know if there exists a special value
of the constant c3 at which the system will have even higher symmetry, as it happens in
the case of the rank-2 gauge field. We shall see that this indeed takes place.
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5 Enhanced Symmetry. Rank-3 Gauge Field














































































where the quadratic form in the momentum representation is
Hαα′α′′γγ′γ′′ (k) = −
1
2
Hαγ(ηα′γ′ηα′′γ′′ + ηα′γ′′ηα′′γ′ + ηα′α′′ηγ′γ′′ ),
where Hαγ = k






kαHαα′α′′γγ′γ′′ (k) = 0.






where the gauge parameter ζaµλ is a totaly symmetric tensor. This can be seen from the
following relation in momentum representation
kα′Hαα′α′′γγ′γ′′ (k) = −
1
2
Hαγ (kγ′ηα′′γ′′ + kγ′′ηα′′γ′ + kα′′ηγ′γ′′ ) 6= 0. (39)
Let us consider now the free part of the Lagrangian L
′


























































































































































, so that the second quadratic form in the momentum













{ + (k2ηαα′ − kαkα′ )(ηα′′γηγ′γ′′ + ηα′′γ′ηγγ′′ + ηα′′γ′′ηγγ′ )
+ (k2ηαα′′ − kαkα′′ )(ηα′γηγ′γ′′ + ηα′γ′ηγγ′′ + ηα′γ′′ηγγ′ )
+ (k2ηαγ′ − kαkγ′ )(ηα′γηα′′γ′′ + ηα′γ′′ηα′′γ + ηα′α′′ηγγ′′ )




{ + kγkα′ (ηαγ′ηα′′γ′′ + ηαγ′′ηα′′γ′ + ηαα′′ηγ′γ′′ )
+ kγkα′′ (ηαγ′ηα′γ′′ + ηαγ′′ηα′γ′ + ηαα′ηγ′γ′′ )
+ kγkγ′ (ηαα′ηα′′γ′′ + ηαα′′ηα′γ′′ + ηαγ′′ηα′α′′ )




{ + ηαγ(kα′kγ′ηα′′γ′′ + kα′kγ′′ηα′′γ′ + kα′′kγ′ηα′γ′′
+ kα′′kγ′′ηα′γ′ + kα′kα′′ηγ′γ′′ + kγ′kγ′′ηα′α′′ ) }. (41)
It is again invariant with respect to the transformation δAaµνλ = ∂µξ
a










′′ (k) = 0,




µν , as one













{ + Hαα′′ (kγ′ηγγ′′ + kγ′′ηγγ′ )
+ Hαγ′ (kγ′′ηα′′γ + kα′′ηγγ′′ )








{ + Hαγ(kγ′ηα′′γ′′ + kγ′′ηα′′γ′ + kα′′ηγ′γ′′ ) } 6= 0. (42)




















can be made equal to zero by an appropriate choice of the coefficient c3. For that let us
compare the expressions (39) and (42) for divergences. As one can see, only the last term
in (42)
Hαγ(kγ′ηα′′γ′′ + kγ′′ηα′′γ′ + kα′′ηγ′γ′′ )
and the whole term (39) can cancel each other if we choose c3 = 2, but this will leave the



















′′ ) 6= 0
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for all values of c3. This situation differs from the case of the rank-2 gauge field A
a
µν . In
the last case we were able to choose the coefficient c2 = 1 so that the divergences (22)




Therefore the Lagrangian Lfree2 + L
free ′
2 has enhanced invariance with respect to a large





In order to understand the reason why in the case of the rank-3 gauge field it is
impossible fully cancel divergences we have to analyze the corresponding field equations.
We shall compare the resulting equation with the equation derived by Schwinger [12]
for the totally symmetric Abelian rank-3 tensor field in order to get better insight into
the problem. It has been proved by Schwinger [12] that it is impossible to derive field
equation for the totally symmetric rank-3 tensor which is invariant with respect to the
full gauge group of transformations δAµνλ = ∂µξ
a
νλ+∂νξµλ+∂λξµν without imposing some
restriction on the gauge parameters ξµν . As he demonstrated, the gauge parameter should
be traceless ξµµ = 0. We shall see that similar phenomena take place also in our case, that
is, the second gauge parameter ζaµλ should fulfill constraint which we shall derive below
(see equation (44)).
What we would like to prove is that the equation has enhanced invariance with respect











ρρ = 0. (44)
This takes place when we choose the coefficient c3 = 4/3 . Indeed, let us consider the


















































































































































































































Summing these two pieces together we shall get the following free field equation of motion





















































































































































































if we choose the coefficient c3 = 4/3. Performing the above gauge transformation of the
field one can see that the terms which originate from differential operators ∂2, ∂α∂ρ, ∂α′∂ρ

























































































































































































′′ = 0. (50)














































































































































































ρρ = 0. (52)
One should stress that there are no restrictions on the gauge parameters ξaµν . The above
invariance of the equation now can be checked directly without referring to the previous

































































We shall present the free equation of motion (51) also in terms of field strength tensors.








































The variation of the above Lagrangian over the field Aaνλρ gives the free equation written































































































where the gauge parameters are totally symmetric tensors satisfying the condition (44).
The initial invariance of the equation δAaµνλ = ∂µξ
a
νλ imposes restriction on the current
jaνλρ, in particular, on its conservation over the first index:
∂νj
a
νλρ = 0. (56)
There are also additional constraints on the current which follow from the enhanced




µν . In Fourier components the constraints on the group
parameters are
ωζ03 + κζ33 + κ(ζ00 − ζ11 − ζ22 − ζ33) = 0,
ωζ01 + κζ31 = 0,
ωζ02 + κζ32 = 0,
ωζ00 + κζ30 − ω(ζ00 − ζ11 − ζ22 − ζ33) = 0,
where kµ = (ω, 0, 0, κ), therefore
















and we have six independent gauge parameters
ζ01, ζ02, ζ03, ζ11, ζ22, ζ12.
From this it follows that the current components fulfill the following six relations:






j3λ1) = 0, (58)















kλ(j0λ0 − j3λ3 + j1λ1) = 0,
kλ(j0λ0 − j3λ3 + j2λ2) = 0,
kλ(j1λ2 + j2λ1) = 0,
One can also use a different set of independent parameters, in particular: ζ11, ζ12, ζ13, ζ22, ζ23, ζ33.
6 Schwinger Equation for rank-3 Gauge Field
The Schwinger equation for symmetric massless rank-3 tensor gauge field has the form
[12]
+ ∂2Aαα′α′′ − ∂α∂ρAρα′α′′ − ∂α′∂ρAαρα′′ − ∂α′′∂ρAαα′ρ +
+ ∂α∂α′Aα′′ρρ + ∂α∂α′′Aα′ρρ + ∂α′∂α′′Aαρρ − 3∂α∂α′∂α′′A−
− ηαα′ (∂










2Aρρα − ∂λ∂ρAρλα +
1
2
∂α∂ρAλλρ) = jαα′α′′ (59)




∂α∂λ∂ρAαλρ = 0. (60)
Taking derivatives of the l.h.s. of the above equation one can get convinced that we have
conservation of the totally symmetric current jαα′α′′
∂αjαα′α′′ = 0 (61)
and the invariance of the equation with respect to the full gauge transformation
δAµνλ = ∂µξνλ + ∂νξµλ + ∂λξµν (62)
without any restrictions on the symmetric gauge parameter ξνλ. The great advantage of
this formulation is that we have conservation of current and full gauge symmetry (62).
The disadvantage of this formulation is the appearance of the scalar field A and its high-
order differential equation. The illuminating remark of Schwinger was to make a change
of field variable of the form [12]
Aαα′α′′ → Aαα′α′′ − 3∂
−2∂α∂α′∂α′′A,
which allows to eliminate the scalar field A from the field equation without changing its
actual form! The equation will take a unique form [12]:
+ ∂2Aαα′α′′ − ∂α∂ρAρα′α′′ − ∂α′∂ρAαρα′′ − ∂α′′∂ρAαα′ρ +
+ ∂α∂α′Aα′′ρρ + ∂α∂α′′Aα′ρρ + ∂α′∂α′′Aαρρ −
− ηαα′ (∂










2Aρρα − ∂λ∂ρAρλα +
1
2
∂α∂ρAλλρ) = jαα′α′′ , (63)
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but it is not invariant any more with respect to the unrestricted gauge transformations
(62). The gauge parameter should be traceless:
ξµµ = 0. (64)




ηα′α′′ jαρρ = 0. (65)
The conservation law for the current became more sophisticated because of the traceless
restriction on the gauge parameters (64). One can see that the same phenomenon also
happens in our case where the restriction on the gauge parameters ζνλ has the form (52)
and the conservation law takes the form (58). Recent discussion of the Schwinger equation
can be found in [44, 45].
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7 Appendix A
The invariance of the form L
′
3 can be demonstrated by explicit variation of each term in











































































































































































































































































νλρρ. Amazingly, all nonzero terms cancel each other.
8 Appendix B








































{ + ηαα′ (ηα′′γηγ′γ′′ + ηα′′γ′ηγγ′′ + ηα′′γ′′ηγγ′ )
+ ηαα′′ (ηα′γηγ′γ′′ + ηα′γ′ηγγ′′ + ηα′γ′′ηγγ′ )
+ ηαγ′ (ηα′γηα′′γ′′ + ηα′γ′′ηα′′γ + ηα′α′′ηγγ′′ )




{ + kαkα′ (ηα′′γηγ′γ′′ + ηα′′γ′ηγγ′′ + ηα′′γ′′ηγγ′ )
+ kαkα′′ (ηα′γηγ′γ′′ + ηα′γ′ηγγ′′ + ηα′γ′′ηγγ′ )
+ kαkγ′ (ηα′γηα′′γ′′ + ηα′γ′′ηα′′γ + ηα′α′′ηγγ′′ )
+ kαkγ′′ (ηα′γηα′′γ′ + ηα′γ′ηα′′γ + ηα′α′′ηγγ′ )
+ kγkα′ (ηαγ′ηα′′γ′′ + ηαγ′′ηα′′γ′ + ηαα′′ηγ′γ′′ )
+ kγkα′′ (ηαγ′ηα′γ′′ + ηαγ′′ηα′γ′ + ηαα′ηγ′γ′′ )
+ kγkγ′ (ηαα′ηα′′γ′′ + ηαα′′ηα′γ′′ + ηαγ′′ηα′α′′ )




{ + ηαγ(kα′kγ′ηα′′γ′′ + kα′kγ′′ηα′′γ′ + kα′′kγ′ηα′γ′′
+ kα′′kγ′′ηα′γ′ + kα′kα′′ηγ′γ′′ + kγ′kγ′′ηα′α′′ ) }. (66)













{ + (k2ηαα′ − kαkα′ )(ηα′′γηγ′γ′′ + ηα′′γ′ηγγ′′ + ηα′′γ′′ηγγ′ )
+ (k2ηαα′′ − kαkα′′ )(ηα′γηγ′γ′′ + ηα′γ′ηγγ′′ + ηα′γ′′ηγγ′ )
+ (k2ηαγ′ − kαkγ′ )(ηα′γηα′′γ′′ + ηα′γ′′ηα′′γ + ηα′α′′ηγγ′′ )




{ + kγkα′ (ηαγ′ηα′′γ′′ + ηαγ′′ηα′′γ′ + ηαα′′ηγ′γ′′ )
+ kγkα′′ (ηαγ′ηα′γ′′ + ηαγ′′ηα′γ′ + ηαα′ηγ′γ′′ )
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+ kγkγ′ (ηαα′ηα′′γ′′ + ηαα′′ηα′γ′′ + ηαγ′′ηα′α′′ )




{ + ηαγ(kα′kγ′ηα′′γ′′ + kα′kγ′′ηα′′γ′ + kα′′kγ′ηα′γ′′
+ kα′′kγ′′ηα′γ′ + kα′kα′′ηγ′γ′′ + kγ′kγ′′ηα′α′′ ) }. (67)













{ + (k2ηαα′′ − kαkα′′ )(kγηγ′γ′′ + kγ′ηγγ′′ + kγ′′ηγγ′ )
+ (k2ηαγ′ − kαkγ′ )(kγηα′′γ′′ + kγ′′ηα′′γ + kα′′ηγγ′′ )




{ + k2kγ(ηαγ′ηα′′γ′′ + ηαγ′′ηα′′γ′ + ηαα′′ηγ′γ′′ )
+ kγkα′′ (2kγ′′ηαγ′ + 2kγ′ηαγ′′ + kαηγ′γ′′ )







2kα′′ηγ′γ′′ + 3kα′′kγ′kγ′′ }
or using the operator Hαγ = k













{ + Hαα′′ (kγηγ′γ′′ + kγ′ηγγ′′ + kγ′′ηγγ′ )
+ Hαγ′ (kγηα′′γ′′ + kγ′′ηα′′γ + kα′′ηγγ′′ )




{ + Hαα′′ kγηγ′γ′′ +Hαγ′ kγηα′′γ′′ +Hαγ′′ kγηα′′γ′
+ kγkα′′ (2kγ′′ηαγ′ + 2kγ′ηαγ′′ + 2kαηγ′γ′′ )







2kα′′ηγ′γ′′ + 3kα′′kγ′kγ′′ }













{ + Hαα′′ (kγ′ηγγ′′ + kγ′′ηγγ′ )
+ Hαγ′ (kγ′′ηα′′γ + kα′′ηγγ′′ )








{ + Hαγkγ′ηα′′γ′′ +Hαγkγ′′ηα′′γ′ +Hαγkα′′ηγ′γ′′
+ 3ηαγkα′′kγ′kγ′′ }.













{ + Hαα′′ (kγ′ηγγ′′ + kγ′′ηγγ′ )
21
+ Hαγ′ (kγ′′ηα′′γ + kα′′ηγγ′′ )








{ + Hαγ(kγ′ηα′′γ′′ + kγ′′ηα′′γ′ + kα′′ηγ′γ′′ ) },
which has been used in the main text.
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